The current research is devoted to developing methods of a novel mathematical interpretation of term-sets of linguistic variables. To the term-sets of the linguistic variables fuzzy sets are assigned. We intend to adopt the sfunctions and the π-functions to derive formulas of membership functions of these sets. The fuzzy sets are divided in three families in the case of an odd number of the term-sets. To each family, we assign only one parametric formula, which depends on two parameters: the width of a non-fuzzy set, which contains all supports of the fuzzy sets being representatives of the term-sets, and a number of the term-sets. Provided that the supports of fuzzy sets will be unequal, the membership function of the set, belonging to one of the families, is computed by means of a functional modifier, inserted in the common equation typical of this family. Medical examples explain how to use cumulated membership functions practically. The procedure can be easily computerized.
Introduction
Membership functions of fuzzy sets and fuzzy numbers have a powerful significance in applications, involving the designs of these mappings. Shapes of functions and their boundaries have a decisive character in such models as approximate reasoning, fuzzy control and others.
. The modification of term-sets by the application of linguistic quantifiers, involving descriptions of probability values or Bayesian approach, was discussed in 13, 14 . The rapid development of computational intelligence brought such algorithms as, e.g., the c-means classification of objects into clusters and neural networks. It is remarkable to see their influence on the formation of term-sets of linguistic variables in such research works as 15 and 16, 17 , respectively. At last, the terms of the linguistic variable are affected by several distance measures, when defining complex numbers verbally 18 . A linguistic variable can be stated for intensity levels of some parameters, like levels of clinical markers. The names of levels create a list of term-sets, replaced by fuzzy sets.
During many personal contacts with practitioners and users of fuzzy set theory, we have heard the opinion that a pattern of membership functions of verbally defined intensity levels should be based on two values. The users have noticed that the width of a common non-fuzzy reference set, including all supports of fuzzy sets, and a number of terms should be the most desirable parameters, easily determined for the purpose of practical and computerized actions.
To meet the users' suggestions, we propose a new system of determining membership functions of fuzzy sets without guessing their boundary values ad hoc. We thus divide all term-sets of the linguistic variable into three families, when the number of terms is odd. As membership functions, the s-class and π-class functions 19, 20 will be adopted. Each family is determined by only one formula depending on width E of the crisp "reference set" containing the supports of all fuzzy sets assisting term-sets, number m of all term-sets and number t, which a term set receives in its family. Further, in order to find formulas of membership functions of fuzzy sets, common for each family of sets, the parameters of the classical s-and π-functions will be constructed by operations on units E and m. By means of common formulas of membership functions, the user is provided with automatically computed boundaries of the supports of fuzzy sets, which prevents a technician, not familiar with fuzzy sets, from predetermining boundary values of fuzzy sets in an intuitive or a random manner. The term number t, marking the position of the fuzzy set in its family, will be involved in the value of a modifier, included in the family's formula. The method of parametrization of three general formulas, providing us with all membership functions of term-sets due to the definition of the linguistic variable, was already discussed in 21, 22, 23 . We now concentrate on a special case of the model, namely, we wish the middle set from the list of the linguistic variable to be widest. Consequently, the left and right neighbors of the widest set will partially diminish their widths.
The theorem, formulated and proved in the paper, is an original proposal of modeling the membership functions. Some uncomplicated parts of larger medical queries are added to test the reliability of formulas.
The arrangement of the paper is organized in five sections. Section 2 samples the basic information about the nature of fuzzy sets. In Section 3, we derive formulas of parametric membership functions assigned to term-sets of a linguistic variable. The case study is tested in Section 4. In Section 5, we summarize the results of the current research.
Introduction to fuzzy sets
Before discussing mathematical patterns, including s-and π-functions 19, 20 , let us recall the definition of a fuzzy set. If X is a set of non-negative real numbers, denoted generically by x, then a fuzzy set A in X is a set of ordered pairs = {� , ( )�: ∈ }, where ( ) ∈ [0,1] 24 . Each element x gets a membership degree ( ), which expresses the strength of the relationship between x and A. Membership degrees equal to 1 inform about the total relation between the element and the set. The function :
We will also use the following definitions.
The support of a fuzzy set A, supp(A), is a non-fuzzy (crisp) set of all x ∈ X such that ( ) > 0 24 . The α-cut of a fuzzy set A, Aα, is a non-fuzzy set of all x ∈ X such that ( ) ≥ . The Euclidean distance d(P1, P2) between points P1 = (x1,µ(x1)) and P2 = (x2,µ(x2)), in the two dimensional system with x-and µ(x)-axes, is estimated as
If we refer to the concept of the distance between two points in the text below, then we will involve the formula of d(P1, P2) in practical computations.
Apart from linear shapes, mostly employed as membership functions of fuzzy sets, we prefer using the s-class function, formed as a specially designed polynomial of the second degree. Set A has the membership function ( ) given by In many applications of fuzzified mathematical models, e.g., fuzzy control systems, we need to introduce a linguistic variable specified by list of verbal expressions (term-sets) to facilitate the communication with a professional adviser.
Our purpose is to put together fuzzy sets with the same properties in common families to derive one formula for membership functions characteristic of sets, placed in the same family. We propose a mathematical formalization of the membership functions of fuzzy sets, belonging to a common family, by adopting the s-function ) , , , (
The construction of parametric membership functions for families of fuzzy sets with unequal supports
In some technical and medical applications, demanding the initialization of term sets, researchers wish to assign the widest support to the medium fuzzy set, whereas other sets, allocated before and after the widest set will narrow their supports in conformity with a certain scale.
Example 1
Let us differ the clinical marker "systolic blood pressure" in 7 levels: L1 = "critically low", L2 = "very low", L3 = "low", L4 = "rather normal", L5 = "high", L6 = "very high" and L7 = "critically high". Due to the physician experience, we state the reference set L = [xmin, xmax] = [40Hg/mm, 260Hg/mm]. Rather normal values can approximately be found in interval (110, 180), which overlaps supports of "low" and "high". Extremely low blood pressure values among 40 and 55 can appear in the support of "critically low", where a patient is exposed to the voluminous bleeding. The support of "critically high" may be estimated as interval (245, 260). We wish to implement functions sketched in Fig.  1 . In general, the term-sets are assigned to fuzzy sets L1,…,Lm, where m is an odd positive integer. We assume that supports of Ll, l = 1,…,m, being continuous sets, will cover parts of the common continuous crisp reference set L = [xmin, xmax]. Due to the definition of the α-cut set of a fuzzy set, we denote by Ll,α a set of x ∈ L, for which ( ) ≥ , = 1, … , .
Example 2
For, e.g., = 0.5 in L1, we approximate L1,0.5 = (40,54.667). If = 1, then, L3,1-L2,1 = (40,106) -(40,73) = (73,106). We explain how to compute the borders of intervals considered after deriving membership functions of sets L1, …,L7. Example 2 helps us to understand the assumptions of the following theorem.
Theorem 1
Let us suppose that term-sets Ll, l = 1,…,m, have supports included in the common non-fuzzy reference set
contains Lt sets, where t = 1,…,(m-1)/2. The set family of "right" sets As a result, we determine the common equation for membership functions of "left" fuzzy sets L1,…, 
The function of the set "in the middle" is exhibited by 
in which functions ) , , , 
is planned to have the widest support. Let us adopt Eq. (7) to find parameters
, , , , ,
affected by E, m and r.
In set
reaches the largest membership degree equal to 1.
As the membership function of
has the intersection point with the membership function of Hence,
, which proves Eq. (5) for xmin = 0. The membership function of the last "left" set 
, expanded due to Eq. (2), to obtain Eq. (4). In the numerator of δ(t), we compute a number of units r between the points (xmin, 1) and (max(Lt,1),1), where t is a number of fuzzy set Lt in the "left" family of fuzzy sets, for which the membership function is constructed. The value of the numerator is divided by a number of all units r between the points (xmin, 1) and (max ) ( 
The "right" family of sets
, in Eq. (9), expressed in the pattern of Eq. (2).
In the numerator of ε(t), we estimate a number of units r between the points (min(L(t+3)/2+t-1,1),1) and (xmax, 1), t = 1,…,(m-1)/2, where t is the number of a fuzzy set L(t+3)/2+t-1 in the "right" family of fuzzy sets, for which the membership function is derived. The value of the numerator is divided by a number of all units r between the points (min ) (
, 1) and (xmax, 1).
The value of t = 1 is followed by 1 )
, which agrees with maintaining the formula of Eq. (6).
2). xmin ≠ 0. In order to move xmin = 0 to another beginning xmin along the positive part of the x-axis, we add the value of xmin to borders of the intervals. We also need to transform structures in the numerators of Eqs (4), (5) and (6), containing x-b, to x-(xmin+b), where b is a symbolic parameter composed of E, r and m.
Case study
In this section, we aim to build membership functions in compliance with formulas, proved in Theorem 1.
Example 3
We refer to Example 1 to expand membership functions of L1,…,L7, when testing the formulas found in Theorem 1. 
Membership functions of the fuzzy sets, included in the "right" family, are provided, by Eq. (6), as functions 
The computation of a membership degree for a selected x-value is a much uncomplicated process. For instance, "systolic blood pressure" = x = 178 is classified in L4 = "rather normal" in interval 194 172 
The membership functions, mathematically formalized, can find useful applications in fuzzy inference rules of the type IF…THEN…, where membership degrees of predetermined variable values are crucial components of solutions, e.g., in fuzzy control 22, 23 .
Conclusions
When meeting some wishes of fuzzy set theory users, we have tried to bring on different mathematical techniques, which help to sample membership functions of fuzzy sets in few formulas. The sets, as representatives of the termsets of a linguistic variable, often express intensity levels of a certain marker-variable. The sets' supports are scattered along a non-fuzzy reference set, which is common for them. The width of the reference set is a binding factor for all membership functions of fuzzy sets. The number of term-sets constitutes another essential factor, included in the formulas of membership functions of fuzzy sets replacing term-sets.
Among the term-sets, the meaning of a right expression usually is the reverse of a left expression, like e.g., "highlow"; therefore it is rational to select terms in two families as "left" and "right". The set "in the middle" has a moderate character.
The s-class functions are regarded by us to be most applicable as samplings in one combined formula for deriving membership functions of all fuzzy sets, situated in the "left" family", the "right" family or in the "in the middle" family, respectively. In the formulas of the classical s-class functions there exist parameters, which mark beginnings and ends of the domains of functions (at the same time they mark the beginnings and ends of supports of fuzzy sets possessing s-functions as membership functions). In the membership functions of fuzzy sets, collected within one family, these parameters are stated as combinations of the width of a common reference set, including all supports of fuzzy sets, and the number of sets. The s-functions are easily invertible, that is why they act as membership functions for opposed terms.
Particularly designed modifiers of the integer variable, being the number of a function in its family, are inserted in the common formula of membership functions of fuzzy sets in respective families in order to narrow the supports of these sets.
By doing this research, we have considered a case concerning the design of fuzzy sets, characterized by unequal supports.
The simple medical application is added in order to explain how the collected membership functions work in practice. We should emphasize that the only numerical information about the term-set list, required from a user, is the number of terms and the width of the common set, including all supports of fuzzy sets. The boundaries of membership functions are computationally induced. This prevents the user from an uncertain decision concerning a placement of the boundary values.
All processes can be easily converted to computer programs, since δ(t) and ε(t) are functions of the integer variable. We hope that our mathematical formalizations of term-sets will constitute the supplements to methods of granulation already existing.
